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Abstract
We give an algebraic proof of a theorem of H. Maugendre showing how the jacobian quotients of a pair of germs of plane curve
may be computed from their simultaneous immerged resolution, thus proving in particular their topological invariance.
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1. Introduction
We will consider germs of analytic functions f at a point O of a smooth complex surface S and the germs of
curve (germs for short) ξ : f = 0 that they define. We will write e(ξ) for the multiplicity of the germ ξ and call the
irreducible germs branches. As usual, points infinitely near to O are defined by blowing up, in such a way that a point
p infinitely near to O lies on the exceptional divisor E p = pi−1p (O) of the composition pip : Sp → S of a sequence
of blowing-ups, the first one centered at O and each other at a point of the exceptional divisor of the composition of
the preceding ones. More precisely, p is said to belong to the i th infinitesimal neighbourhood of O if i is the number
of blowing-ups composing a minimal pip. The exceptional divisor E p being a curve with normal crossings, the point
p is called free if it is a simple point of E p and satellite if, otherwise, it is a double point. The total transform at p of
a germ of curve ξ : f = 0 at O is the germ of curve ξ¯p at p defined by the pullback f¯ p = f ◦ pip. By dropping from
the total transform ξ¯p of ξ the components contained in the exceptional divisor we get the strict transform of ξ at p,
denoted in the sequel as ξ˜p. It is said that the point p belongs to or lies on ξ (as an infinitely near point) if and only if
ξ˜p is non-empty, e(ξ˜p) being called the multiplicity of p on ξ .
Assume that there are given two germs of analytic function f, g at O , f (O) = g(O) = 0, sharing no factor. They
define non-empty germs of curve ξ : f = 0 and ζ : g = 0 at O . We write ξ + ζ for the germ of curve composed of ξ
and ζ , defined as ξ + ζ : f g = 0. On one hand we may consider the set T of all points p on ξ + ζ such that
– p = O and at least three points in the first neighbourhood of p belong to ξ + ζ , or
– p is free and at least two free points in the first neighbourhood of p belong to ξ + ζ , or
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– p is satellite and at least one free point in the first neighbourhood of p belongs to ξ + ζ
and the set of rational numbers{
e(ξ¯p)
e(ζ¯p)
}
p∈T
.
On the other hand we may consider the germ of curve J, defined by the jacobian determinant J ( f, g) =
∂( f, g)/∂(x, y) of f, g (relative to any local coordinates x, y at O). It is called the jacobian germ of f, g and also a
jacobian germ of ξ, ζ . The ratios of intersection multiplicities
[γ.ξ ]
[γ.ζ ]
for γ a branch of J, not a branch of ξ or ζ , are called the jacobian quotients of f, g. In her thesis (see [3]), Maugendre
proved, by topological means, the following deep result:
Theorem 1.1 (Maugendre). The set of jacobian quotients of f, g equals{
e(ξ¯p)
e(ζ¯p)
}
p∈T
.
The equisingularity (or topological) invariance of the jacobian quotients follows, as 1.1 shows that they may be
computed from the data of a simultaneous immerged resolution of ξ and ζ . For ζ smooth, the jacobian quotients are
the polar quotients of ξ . Therefore Theorem 1.1 reproves for curves the invariance of the polar quotients, already
established in [5] for hypersurfaces, as well as their computations in [4] and [2]. It is also worth highlighting that
neither the equisingularity type of the jacobian germ, nor its most common invariants such as its multiplicity or its
number of branches, are determined by the equisingularity type of the pair ξ, ζ , as is already well known for polar
germs (see for instance [1, Ch. 6]).
The purpose of this paper is to give an algebraic proof of Theorem 1.1 essentially based on the characterization
of the special germs in a pencil of [1], 7.4. The remainder of this section is devoted to quickly recalling this
characterization as well as a number of facts on Newton polygons, Puiseux series and infinitely near points that
are essential to the proof. Details and full proofs are in [1].
Puiseux series 1.2. Once local coordinates x, y have been fixed at a point O on a smooth surface, any irreducible
germ of curve γ , other than those of the axes, has a Puiseux series of the form s(x) = axσ + . . ., a 6= 0 and
0 < σ ∈ Q. We call σ the initial exponent of γ and write it in the irreducible form σ = σ2/σ1. If σ = 1, then γ is
not tangent to either axis or, equivalently, the (necessarily free) point on γ in the first neighbourhood of O belongs to
neither of the axes. If σ > 1, γ is tangent to the x-axis. More precisely, if the Euclidean division gives σ2 = hσ1 + r
then there are on γ the h − 1 (free) points on the x-axis in the first, . . . , (h − 1)th neighbourhoods of O; these are
followed on γ by either a further free point not on the x-axis if r = 0, or, if r > 0, by a further free point still on the
x-axis, followed in turn by a non-empty finite set of satellite points, all determined by σ . A similar claim relating to
the y-axis does holds for the case σ < 1 after swapping σ1, σ2.
We will denote by qσ the point preceding the first free point on γ not on either of the axes. According to the above
description, qσ = O if σ = 1, qσ is a free point on the x-axis (resp. y-axis) if σ ∈ Z (resp. 1/σ ∈ Z), and is a satellite
point otherwise. The multiplicity of qσ on γ is e(γ )/σ1 if σ ≥ 1; otherwise it equals e(γ )/σ2. In all cases the point qσ
depends only on σ (and the coordinates), but not on the particular choice of γ . By contrast, the point on γ in the first
neighbourhood of qσ varies with a: if σ ≥ 1 (resp. σ ≤ 1), then γ and a second branch with Puiseux series bxσ + . . .
have the same point on the first neighbourhood of qσ if and only if aσ1 = bσ1 (resp. aσ2 = bσ2 ).
We will consider the same situation relating to a free point q infinitely near to O instead of O itself, with the local
coordinates taken so that the second axis is the exceptional divisor. Then all the above holds, but for the fact that all
points infinitely near to q on the second axis are, as points infinitely near to O , satellite instead of being free.
Newton polygons 1.3. Assume that we have, at a point equal or infinitely near to O , local coordinates x, y, a germ
of function f =∑i, j ai, j x i y j and the germ of curve ξ : f = 0 that it defines. The border of the convex envelope of
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the set
{(i, j) | ai, j 6= 0} + (R+)2 ⊂ R2
consists of two half-lines parallel to the axis and a polygonal line (maybe reduced to a single vertex) joining their
ends, which is called the Newton polygon of f , denoted as N( f ), and also the Newton polygon of ξ , N(ξ). We take
N(ξ) ordered according to the ordering of the first coordinates of its vertices. If Γ is a side of N(ξ), the polynomial
FΓ (z) =
∑
(i, j)∈Γ
ai, j z
j−`,
` the ordinate of the last end of Γ , is called the equation associated with Γ . After this the branches of ξ are as follows:
– The germ of the x-axis (resp. y-axis) is a branch of ξ if and only if the last (resp. first) vertex of N(ξ) has positive
ordinate (resp. abscissa).
– ξ has a branch γ , with Puiseux series axσ + . . . as above, if and only if N(ξ) has a side Γ with slope −1/σ and
furthermore FΓ (a) = 0.
Pencils 1.4. We will use pencils of germs of the curve without fixed part at O: these are families P = {ξλ :
λ1 f + λ2g = 0}, λ = λ1/λ2 ∈ C ∪ {∞}, f (O) = g(O) = 0 and f, g sharing no factor. For any such pencil
P , there is a well determined finite set of points equal or infinitely near to O (the base points of P) so that all but
finitely many germs in P go through these points, while no pair of different germs in P share a further point. Then
all but finitely many germs in P have the same multiplicities at the base points and no singular point other than the
base ones. The (finitely many) germs in P failing to satisfy either of the former properties are called the special germs
of P .
An elementary computation shows that for any branch γ , all germs in P have the same intersection multiplicity
with γ but for exactly one germ, whose intersection multiplicity with γ is higher. We will refer to this germ as the
germ of P having higher intersection with γ . Next is the characterization of the special germs that our proof of 1.1 is
mainly based on:
Lemma 1.5 ([1], 7.4). A germ ξλ ∈ P is special if and only if it is the germ having higher intersection with one of the
branches of the jacobian germ J : ∂( f, g)/∂(x, y) = 0.
2. First half of the proof
We will assume that p ∈ T and prove that there is a branch γ of J, not a branch of ξ or ζ , such that
e(ξ¯p)
e(ζ¯p)
= [γ.ξ ][γ.ζ ] .
In the case p = O , we take local coordinates x˜, y˜ at O so that neither of the axes y˜ = 0, x˜ = 0 is tangent to a
branch of ξ or ζ ; in the case of p being free, we take x˜ to be a local equation at p of the exceptional divisor and a
second coordinate y˜ so that y˜ = 0 is tangent to no branch of ξ or ζ ; lastly, in the case of p being satellite, x˜ = 0 and
y˜ = 0 are taken to be local equations of the two components of the exceptional divisor through p. Throughout this
section we will write just ψ¯ for the total transform ψ¯p of a germ of curve ψ at O , and h¯ for the pullback h¯ p of a germ
of function h at O . Take e = e(ξ¯ ), e′ = e(ζ¯ ) and P to be the pencil of germs at O , obviously without fixed part,
P = {τλ : λ0 f e′ + λ1ge = 0}, λ = λ0/λ1 ∈ C ∪ {∞}.
First we need
Lemma 2.1. The point p is a base point of P .
Proof. The case p = O is obvious. If p is infinitely near to O , then since p ∈ T , one of the germs ξ and ζ , say ξ to fix
ideas, has a free point in the first neighbourhood of p. This point belonging also to e′ξ = τ∞, it belongs to τ¯∞. Hence
τ¯∞ has a branch tangent to neither of the coordinate axes and so (1.2), its Newton polygon, has a side with slope −1.
Since τ¯∞ and τ¯0 have the same multiplicity, all the monomials of the initial form of f¯ e
′
do appear in the initial form
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of λ0 f¯ e
′ + λ1g¯e but for finitely many of the values of λ = λ0/λ1. Thus, for all but finitely many λ, N(τ¯λ) has a side
with slope −1 and therefore τ¯λ has a branch tangent to neither of the axes. Since the components of the exceptional
divisor through p are coordinate axes, this branch is also a branch of the strict transform (τ˜λ)p and (τ˜λ)p 6= ∅ for all
but finitely many λ, as wanted. 
We will distinguish two cases:
Case A: The initial forms of f¯ e
′
and g¯e are proportional. Then they cancel in f¯ e
′+ag¯e for a certain a ∈ C−{0}.
The germ τ¯a has higher multiplicity and so, p being a base point, τa is a special germ of P . By 1.5, a branch γ of
J′ : ∂( f e′ , ge)/∂(x, y) = 0 has higher multiplicity of intersection with τa and therefore, since a 6= 0,∞,
e′[γ.ξ ] = [γ.τ∞] = [γ.τ0] = e[γ.ζ ]
and hence
[γ.ξ ]
[γ.ζ ] =
e
e′
.
On the other hand, as follows from an elementary computation, J′ = J+(e′−1)ξ+(e−1)ζ . Obviously the germ of P
having higher intersection multiplicity with any branch of ξ is τ∞ while the one having higher intersection multiplicity
with any branch of ζ is τ0. Since τa 6= τ∞, τ0, we see that γ cannot be a branch of ξ or ζ , and furthermore this forces
it to be a branch of J as wanted.
Case B: The initial forms of f¯ e
′
and g¯e are not proportional. This case may be dealt with by direct examination
of ∂( f¯ , g¯)/∂(x˜, y˜), as now its initial form is the jacobian of the initial forms of f¯ and g¯. Anyway, using again 1.5 will
make a shorter argument. If there is a special germ τa ∈ P , a 6= 0,∞, the existence of the wanted branch γ follows
as in case A. Thus it will be enough to see that assuming that there is no special germ in P other than τ∞, τ0 leads to
p 6∈ T . Let E denote the first neighbourhood of p and take x˜, y˜ as homogeneous coordinates on it.
The total transforms of the germs in P describe the pencil of germs with origin at p
P¯ = {τ¯λ : λ0 f¯ e′ + λ1g¯e = 0}, λ = λ0/λ1 ∈ C ∪ {∞}.
Write F and G for the initial forms of f¯ and g¯, respectively. Since f¯ e
′
and g¯e have non-proportional initial forms Fe
′
and Ge, the germs in P¯ cut on E the one-dimensional linear series
P̂ : {Kλ : λ0Fe′ + λ1Ge = 0}.
Denote by H : gcd(Fe′ ,Ge) = 0 its fixed part and by G = {Dλ = Kλ − H} its variable part; the points of H are the
base points of P and the satellite points lying in the first neighbourhood of p. The hypothesis of P having no special
germ other than τ∞, τ0 implies in particular that all germs τ¯λ, λ 6= 0,∞, have the same number d of non-base and
non-singular points in the first neighbourhood of p. Therefore G has degree d and all of its groups other than D∞, D0
consist of d distinct free non-base points. For any point q ∈ E , denote by εq the multiplicity of q in the group of G
containing it. As is well known ([1], 7.1.2, for instance),
2d − 2 =
∑
q∈E
(εq − 1).
In our case
2d − 2 =
∑
q∈D∞
(εq − 1)+
∑
q∈D0
(εq − 1) = 2d − r∞ − r0,
r∞ and r0 the numbers of distinct points in D∞ and D0, respectively. It follows that D∞ = dq∞ and D0 = dq0 for
certain different points q∞, q0 ∈ E . Then no point q 6= q∞, q0 in E is a satellite or base point, as it belongs to a
group of G other than D∞, D0. The fixed part H has thus no point other than q∞, q0, which assures that no point in
the first neighbourhood of p other than q∞, q0 belongs to ξ or ζ : indeed the points on ξ in E belong to τ¯∞ and hence
to K∞ = D∞ + H , and a similar argument applies to ζ .
If p = O , then clearly ξ + ζ does not have three different points in the first neighbourhood of O and hence p 6∈ T .
If p is free, then the satellite point in its first neighbourhood is either q∞ or q0, this leaving at most one free point in
the first neighbourhood of p on ξ + ζ , thus p 6∈ T . Lastly, if p is satellite, q∞ and q0 are the satellite points in its first
neighbourhood and, once again, p 6∈ T .
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3. Twisted orders
This section deals with some tricks regarding Newton polygons and twisted orders that will be used in the next
one. We assume throughout it to have fixed a system of local coordinates x, y at a point O on a smooth surface. Take
σ = σ2/σ1 to be a positive rational number written in irreducible form. The σ -order of a germ of function at O ,
f =∑i, j ai, j x i y j ∈ C{x, y} is defined as
oσ ( f ) = min{σ1i + σ2 j | ai, j 6= 0}
and the σ -initial form of f is
inσ ( f ) =
∑
σ1i+σ2 j=oσ ( f )
ai, j x
i y j .
We are interested in the case f (O) = 0 only, so we assume for the remainder of this section that a0,0 = 0,
after which oσ ( f ) > 0 for any σ . If N( f ) has a side Γ with slope −1/σ , then the monomials of inσ ( f ) are those
corresponding to the points on Γ , and at least those corresponding to the vertices are non-zero. Otherwise inσ ( f ) is a
monomial that corresponds to a vertex of N( f ). This vertex will be called the σ -minimal vertex of N( f ).
For a fixed σ , assume that γ a is a branch with Puiseux series s(x) = axσ + . . ., a 6= 0, and which, therefore, has
the parameterization x = tν , y = s(tν), ν the minimal common denominator of the exponents effectively appearing
in s. Take ξ to be ξ : f = 0. By direct substitution of the above parameterization in f we obtain
Lemma 3.1. [γ a .ξ ] ≥ νoσ ( f )/σ1, the inequality being strict if and only if N( f ) has a side Γ with slope −1/σ and
FΓ (a) = 0.
If in particular we take s = axσ , then (see 1.2) the branches γ a have qσ as a simple point and their strict transforms
γ˜ aqσ have variable tangent. Therefore, for all but finitely many a,
oσ ( f ) = [γ a .ξ ] = [γ˜ aqσ .ξ¯qσ ] = e(ξ¯qσ ).
The central equality is due to the projection formula (see [1], ex. 2.13 for instance), as γ a is the direct image of γ˜ aqσ .
Hence:
Lemma 3.2. oσ ( f ) = e(ξ¯qσ ).
Let ζ : g = 0 be a second non-empty germ of curve at O and again take γ a with the Puiseux series s = axσ + . . ..
We have:
Proposition 3.3. If the point on γ a in the first neighbourhood of qσ does not belong to ξ + ζ , then
[γ a .ξ ]
[γ a .ζ ] =
e(ξ¯qσ )
e(ζ¯qσ )
.
Proof. By 3.1, [γ.ξ ] 6= νoσ ( f )/σ1 only if N( f ) has a side Γ with slope −1/σ and FΓ (a) = 0. If this is the case, as
recalled in 1.3, there is a branch γ ′ of ξ with a Puiseux series s′ = axσ + . . . and so (1.2) having the same point as γ a
in the first neighbourhood of qσ , against our assumption. Thus [γ.ξ ] = νoσ ( f )/σ1 and, similarly, [γ.ζ ] = νoσ (g)/σ1,
after which the claim follows from 3.2. 
Assume that no side of N( f ) or N(g) has slope −1/σ and also that the σ -minimal vertices, A = (a1, a2) of N( f )
and B = (b1, b2) of N(g), are aligned with the origin. Take−1/δ′1,−1/δ′2 to be the slopes of the sides of N( f ) having
last and first end, respectively, A, δ′1 = 0 if A is the first vertex and δ′2 = ∞ if A is the last vertex. Define δ′′1 and δ′′2
similarly, using N(g) and B, and set δ1 = max{δ′1, δ′′1 }, δ2 = min{δ′2, δ′′2 }. We will call the interval [δ1, δ2] the nest of
σ . Note that for any positive rational number ρ ∈ [δ1, δ2], ρ = ρ2/ρ1 in irreducible form,
oρ( f ) = ρ1a1 + ρ2a2, and oρ(g) = ρ1b1 + ρ2b2.
Since the coordinates of A and B are proportional, obviously the ratio oρ( f )/oρ(g) is independent of ρ and using 3.2
we obtain
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Lemma 3.4. If N( f ) and N(g) have no side with slope −1/σ and their σ -minimal vertices aligned with the origin,
then for any positive rational number ρ in the nest of σ ,
e(ξ¯qσ )
e(ζ¯qσ )
= e(ξ¯qρ )
e(ζ¯qρ )
.
Lemma 3.5. If σ is the initial exponent of a branch γ of J : J ( f, g) = 0 and no side of either N( f ) or N(g) has
slope −1/σ , then the σ -minimal vertices of N( f ) and N(g) are aligned with the origin.
Proof. By the hypothesis, the σ -initial forms of f and g are both monomials. If the σ -minimal vertices of N( f ) and
N(g) are not aligned with the origin, an easy computation shows that J (inσ ( f ), inσ (g)) is a non-zero monomial too,
which, being non-zero, is the σ -initial form of J ( f, g). Then N(J ( f, g)) has no side with slope −1/σ , against the
fact that a branch of J has initial exponent σ (1.3). 
4. Second half of the proof
We assume now that γ is a branch of J, not a branch of ξ or ζ , and prove that there is p ∈ T so that
e(ξ¯p)
e(ζ¯p)
= [γ.ξ ][γ.ζ ] .
Take q to be the last non-satellite point on γ which belongs to ξ + ζ . In many cases the point p we are looking for
will not be q; therefore we will make a careful choice of local coordinates at q allowing p to be located from q in all
cases. We begin by assuming that q 6= O .
Case A′: q 6= O . The point q being free, we choose an equation of the germ of the exceptional divisor at q as
the first local coordinate x˜ . If all branches of ξ¯q and ζ¯q are tangent to the exceptional divisor, we just take the second
coordinate y˜ so that γ is not tangent to the first axis y˜ = 0. Otherwise, we provisionally choose any yˆ so that x˜, yˆ
is a pair of local coordinates at q . If there is a smooth branch of ξ¯q or ζ¯q non-tangent to the exceptional divisor, it is
transverse to the second axis and therefore has Puiseux series s(x˜) ∈ C{x˜}. Then we take y˜ = yˆ − s(x˜) as the second
coordinate, in such a way that the first axis is a branch of one of the germs ξ¯q , ζ¯q . Lastly, if all branches of ξ¯q and ζ¯q
not tangent to the exceptional divisor are singular, choose among them one, let us name it ψ , whose Puiseux series
have maximal first characteristic exponent δ. Since ψ is not tangent to the second axis, δ > 1. A Puiseux series of ψ
has the form
s(x˜) = a1 x˜ + · · · + ar x˜r + bx˜δ + . . . , b 6= 0
and we take as the new second coordinate
y˜ = yˆ − a1 x˜ − · · · − ar x˜r .
In this way, using coordinates x˜, y˜, the initial exponent of ψ is its first characteristic exponent. Since the characteristic
exponents are independent of the coordinates as long as the second axis is not tangent to the branch, still δ is maximal
among the first characteristic exponents of the Puiseux series of the branches of ξ¯q and ζ¯q not tangent to the second
axis, and thus δ is also maximal among the initial exponents of these branches.
Write N and N′ for the Newton polygons of ξ¯q and ζ¯q relative to the coordinates x˜, y˜. It follows from the above
choices and 1.3 that either no side of N or N′ has slope greater than or equal to −1, or the last vertex of one of the
polygons has positive ordinate, or the highest among the slopes of the sides of N and N′ is −1/δ, δ 6∈ Z.
Call σ the initial exponent of γ˜q and, as above, take σ = σ2/σ1 in irreducible form. Note that the first coordinate
axis has been chosen either directly non-tangent to γ˜q , or tangent to some branch of ξ¯q or ζ¯q which in turn is not tangent
to the exceptional divisor. In the latter case, the fact that no free point on γ after q belongs to ξ or ζ guarantees that
γ˜q is not tangent to the first axis either. Hence always σ ≤ 1. Write e = e(γ˜q).
We have the following possibilities:
(i) σ < 1 and there is a side Γ of N or N′ with slope −1/σ . Then we take p = qσ , which is a satellite point (1.2).
Furthermore there is a branch of ξ¯q or ζ¯q associated with Γ : it has initial exponent σ and therefore a free point in
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the first neighbourhood of p = qσ . Thus p ∈ T . On the other hand, by the choice of q, γ goes through no point
on ξ + ζ in the first neighbourhood of p, after which, 3.3 gives
[γ.ξ ]
[γ.ζ ] =
e(ξ¯p)
e(ζ¯p)
,
as wanted.
(ii) σ = 1 and one of the polygons N, N′ has a side of slope −1. Then we take p = q. Since there is a side of slope
−1, there is a branch of ξ + ζ which is not tangent to either axis, and therefore a point on ξ + ζ in the first
neighbourhood of p which belongs to no axis and is, in particular, free. Our choice of the coordinates guarantees
that there is a branch of ξ + ζ tangent to the first axis, and consequently the point on the first axis in the first
neighbourhood of q , which is free, does belong to ξ + ζ too, which proves that p ∈ T . On the other hand, since
σ = 1, the point on γ in the first neighbourhood of p = q is free and therefore, by the choice of q, it does not
belong to ξ¯q or ζ¯q . In other words, γ˜q shares no tangent with ξ¯q or ζ¯q and hence
[γ˜p.ξ¯p] = e(γ˜p)e(ξ¯p), [γ˜p.ζ¯p] = e(γ˜p)e(ζ¯p).
Using again the projection formula we get [γ˜p.ξ¯p] = [γ.ξ ], [γ˜p.ζ¯p] = [γ.ζ ] and hence the claimed equality.
(iii) No side of N or N′ has slope −1/σ . Then no branch of ξ + ζ has initial exponent σ and so qσ does not belong to
ξ + ζ . Thus, 3.3 applies giving
[γ.ξ ]
[γ.ζ ] =
e(ξ¯qσ )
e(ζ¯qσ )
, (1)
although, obviously, qσ 6∈ T and so it cannot be taken as p.
By 3.5, the σ -minimal vertices of N and N′ are aligned. Assume first that the nest of σ has its lower end δ > 0.
Then we take p = qδ . Since δ < σ ≤ 1, p is a satellite point, while −1/δ being the slope of a side of N or N′,
there is a branch of ξ + ζ that has a free point in the first neighbourhood of p: hence p ∈ T . Now the equality
(1) above and Lemma 3.4 show that still in this case
[γ.ξ ]
[γ.ζ ] =
e(ξ¯p)
e(ζ¯p)
.
If δ = 0 there is no side with slope less than −1/σ . Next we will check that, even in this case, at least one of
the Newton polygons has a side. Indeed, assume otherwise, that each polygon consists of a single vertex. Then
these vertices are the σ -minimal ones, and hence are aligned with the origin. Furthermore, one of the vertices
needs to have positive ordinate because one of the germs ξ˜q , ζ˜q is non-empty. On the other hand, both vertices
have positive abscissa because any total transform of a non-empty germ contains the exceptional divisor. Thus
both vertices have positive ordinate too, and then both ξ˜q and ζ˜q contain the germ of the first axis, against the
hypothesis of ξ and ζ sharing no branch.
Thus if δ = 0, then the last end δ′ of the nest of σ is finite and we take p = qδ′ . As in the former case, (1) and
3.4 show that
[γ.ξ ]
[γ.ζ ] =
e(ξ¯p)
e(ζ¯p)
.
It remains to see that p ∈ T . Since one of the polygons has a side with slope −1/δ′, there is a branch of ξ + ζ
through p and whose point p′ in the first neighbourhood of p is free and does not belong to the first axis (by the
definition of qδ′ ). If δ′ 6∈ Z, then p is satellite and the existence of p′ shows that p ∈ T . Otherwise p is free and
we need to locate a second point. By the choice of the coordinates, either the first axis is contained in ξ + ζ or
there is a branch of ξ+ζ whose strict transform at q has initial exponent ρ ≥ δ′, ρ 6∈ Z. Since both such a branch
and the first axis contain the point p′′ on the first axis in the first neighbourhood of qδ′ = p (see 1.2), in any case
p′′ belongs to ξ + ζ and, obviously, it is free and different from p′, so p ∈ T .
Case B′: q = O . In this case, by the choice of q , no infinitely near point in the first neighbourhood of O on ξ or ζ
belongs to γ and so
[γ.ξ ] = e(γ )e(ξ) and [γ.ζ ] = e(γ )e(ζ ). (2)
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As above, we will make a special choice of coordinates x, y at q = O . If there are two or more points on ξ + ζ
in the first neighbourhood of O , we choose the first coordinate x so that the second axis x = 0 is going through one
of these points and therefore is tangent to some branch of ξ + ζ . There remain branches of ξ + ζ that are not tangent
to x = 0. Proceeding as in case A′, we choose the second coordinate y so that either the first axis y = 0 is a branch
of ξ + ζ non-tangent to the second axis, or there is a branch of ξ + ζ non-tangent to the second axis whose initial
exponent ρ equals its first characteristic exponent and is maximal among the initial exponents of all branches of ξ + ζ
non-tangent to the second axis.
If there is a single point on ξ + ζ in the first neighbourhood of O , we just take x so that the second axis is not
tangent to ξ + ζ or γ and select the second coordinate as above, this time using the whole of the branches of ξ + ζ .
Note that in both cases ρ > 1 because the corresponding branch is not tangent to the second axis (hence ρ ≥ 1)
and ρ 6∈ Z. Thus always the point on the first axis in the first neighbourhood of O belongs to ξ + ζ . By the fact that
γ shares no infinitely near point with ξ + ζ and the choice of the second axis, γ is tangent to no coordinate axis and
hence it has initial exponent σ = 1. We have thus q = q1 = O .
If either of the Newton polygons N1, N2 has a side with slope −1, then there are branches of ξ + ζ non-tangent
to the first axis and so, by the choice of the coordinates, some of them are tangent to the second axis. There are thus
three different points on ξ + ζ in the first neighbourhood, namely those on the axes and at least one on a branch
corresponding to the side with slope −1. Hence O ∈ T . We take thus p = O and the claimed equality is direct from
(2) above.
If there is no side with slope −1 then, by 3.5, the 1-minimal vertices are aligned with the origin. Both germs ξ and
ζ being non-empty, one having a branch non-tangent to the second axis, neither of the minimal vertices may belong
to the first axis. The nest of −1 has then a finite upper end δ. Indeed, otherwise the minimal vertices would be the last
vertices and the first axis would be a branch of both ξ and ζ , which have been assumed to share no branch. Then we
take p = qδ . By 3.4 and (2),
[γ.ξ ]
[γ.ζ ] =
e(ξ¯p)
e(ζ¯p)
and the same arguments as were used in case A′(iii) prove that p ∈ T .
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